It was demonstrated that nely discretized lattice models for uids with particles interacting via Lennard-Jones or exponential-6 potentials have essentially identical thermodynamic and structural properties to their continuum counterparts. Grand canonical histogram reweighting Monte Carlo calculations were performed for systems with repulsion exponents between 11 to 22. Critical parameters were determined from mixed-eld nite-size scaling methods. Numerical equivalence of lattice and continuous space models, within simulation uncertainties, was observed for lattices with ratio of particle diameter to grid spacing of 10. The lattice model calculations were more e cient computationally by factors between 10 and 20. It was also shown that Lennard-Jones and exponential-6 based models with identical critical properties can be constructed by appropriate choice of the repulsion exponent.
Introduction
Lattice models are frequently used in simulations and theoretical treatments of uids, despite the fact that they impose translational order inappropriate for disordered phases. The simplest such model was proposed by Ising in 1925 1 . Ising model variations continue to bethe subject of active research e.g. 2 . Lattice models represent well some aspects of the behavior of real uids, for example exponents associated with the liquid-vapor critical point.
Continuum models are commonly used for quantitative studies of the phase behavior and structural properties of real uids, because lattice models are not considered suitable for this purpose.
The main advantage of simple lattice models is their computational e ciency, which permits probing of longer time and length scales than is possible for atomistically detailed continuum models. Several previous studies have proposed lattice models that retain some of the realism of continuum models, particularly for modeling macromolecules such as synthetic polymers and proteins. For example, the bond uctuation model 3 maps structural units of a polymer onto monomers occupying multiple lattice sites and allows for uctuations in the bond length between monomers. A high coordination number diamond lattice has been proposed 4 and used to study thin lms 5 and demixing in polymer blends 6 . High coordination numberlattice models have also been proposed for modeling thermodynamics and kinetic aspects of conformational transitions in proteins 7 .
The present study was motivated by recent w ork 9 on a simple cubic lattice version of the restricted primitive model for ionic solutions, in which the ratio of ion diameter to lattice spacing, , was assigned small integer values. Models with = 1 or 2 were found to have phase behavior qualitatively di erent from the continuum model. However, for 3 the phase behavior was found to be qualitatively identical; the critical point and coexistence curves matched within a few percent. The lattice version of the model was found to be computationally faster by a factor of 100, because the Ewald sum was replaced with a simple array lookup operation. The main objective of the present study is to investigate whether lattice analogs can be found for common non-polar site-site interaction models.
Many atomistically detailed models for real uids are based on a combination of non-polar with polar or coulombic interactions sites e.g. 10 . The availability of quantitatively accurate lattice models for real uids would open up possibilities for more e cient simulations of their equilibrium thermodynamic properties.
The outline of this paper is as follows. In Section IIwe present the key ideas underlying our lattice discretization process and de ne the intermolecular potentials to be studied.
Section III is devoted to a brief description of computational methods used to obtain the liquid-vapor critical parameters and coexistence curves. Section IV presents results for the Lennard-Jones 12-6 potential as a function of the lattice discretization parameter , establishing that the phase envelope, critical properties and structure of the liquid are identical, within simulation uncertainties, for the = 10 lattice model and its continuum counterpart.
The lattice model calculations are faster by a factor between 10 and 20 than the corresponding continuum calculations. Section V focuses on studies of the e ect of the repulsion exponent on the critical properties of Lennard-Jones and exponential-6 potentials. It is shown that models with nearly identical critical properties can be constructed by appropriate choice of the repulsion exponent. The paper closes with discussion of the key ndings and their possible implications for future work.
Models
The key idea underlying this work is illustrated schematically in The potential may or may not have hard-core interactions and could be non-pair-wiseadditive. One can construct a series of lattice models in which allowable positions for the centers of particles are on a grid of characteristic spacing l. While any lattice type could beconsidered in principle, we use the simple cubic lattice as the basis for all calculations in the present paper. The lattice discretization parameter = =lcontrols how closely the lattice model approaches continuum behavior. For low values, the underlying lattice could have a strong e ect on the thermodynamic and structural properties of the system. For example, the pressure equation for a system of non-interacting hard spheres on a lattice of = 1 has the form P = ,ln1 , , rather than the familiar continuum equation of state for hard spheres 8 . However, lattice discretization artifacts must decrease as is increased.
Equations of state for hard spheres on lattices with 1 are not presently available, so it is not possible to provide quantitative estimates of how rapid the convergence to the continuum limit is achieved for this case. Previous work 9 has established that for particles interacting via hard-core plus coulombic potential, = 3 is already su ciently high so that the system has qualitatively the same phase behavior as the continuum analog.
Two commonly used pair-wise additive potential models appropriate for non-polar systems were studied in this paper. These are the Buckingham exponential-6 11 and the Lennard- For the potentials studied in the present paper, this method was found to be more e cient by a factor between 10 to 20 relative to calculations in continuous space. The speedup ratio may be sensitive to coding details, machine architecture and compilation parameters. In our study, no special e orts beyond automatic compiler optimization were made for accelerating the lattice or continuum computations. The lower speedup ratio applies to potentials such as LJ with = 12 that do not require exponentiation or raising of a real number to a non-integer power. This surprisingly high acceleration of the lattice calculations relative t o continuum results from elimination of the minimum distance image and potential function evaluation for every interacting pair. While this improvement in computational e ciency is less spectacular than that observed in 9 for coulombic interactions, it is still quite signi cant.
Runs of 30 10 6 to 300 10 6 Monte Carlo steps were performed near critical points, with longer runs utilized for bigger system sizes. Much shorter runs of 3-10 10 6 Monte Carlo steps were performed away from critical points to obtain the phase diagrams and evaluate the pressure by calculating the partition function at low densities 20 . A move mix of 70 attempted insertions deletions and 30 attempted particle displacements was used.
Statistical uncertainties were obtained by performing four duplicate sets of runs at identical conditions with di erent seeds for the random number generator. The "ran2" routine of reference 22 , which has a period of 2.3 10 18 and no low-order serial correlations, was used.
A typical run of 50 10 6 Monte Carlo steps in a 7 7 7 box at the critical density took 22 minutes on a Pentium III 450 MHz workstation; the short 3 10 6 steps run for the saturated liquid which produced the lattice radial distribution function data of the following section took 3.4 minutes.
LJ 12-6 model on a lattice
The rst objective of this work was to establish the equivalance of lattice and continuum versions of the potentials of interest. For this purpose, a detailed study of the LJ potential with = 1 2 w as performed. within simulation uncertainties. The = 10 lattice and continuum models have identical dependence of the apparent critical properties on system size. There is nothing special about the LJ 12-6 potential relative to the other potentials of interest in the present study, so this equivalence is expected to hold for the other models studied.
One may argue that lattice models are inherently di erent from continuum models with respect to the short-distance structure of disordered uid phases. There is no di erence between the lattice and continuum radial distribution function, within simulation statistical uncertainties. For = 10, the lattice model has a su ciently large number of possible positions even at short distances to make the radial distribution function behave in a quasi-continuous fashion. For example, there are 318 distinct lattice positions at distances between and 1:02 from any given site.
LJ and Exp-6 models with variable exponent
In the previous section, it was established that high-lattice models and continuum models are quantitatively equivalent with respect to thermodynamic and structural properties of the uid phases. The e ect of the repulsion exponent on the vapor-liquid critical point for the LJ and Exp-6 lattice models was subsequently investigated. A previous study of coexistence properties of Exp-6 uids with variable repulsion exponent has appeared 24 , but no comparable study for LJ potentials could be located. Table 2 presents our results for the critical parameters of LJ and Exp-6 lattice models with = 10 as a function of the exponent . A linear system size of L=7 was used for these calculations. Based on the results of the previous section, we expect the lattice model results to be identical to corresponding continuum models of the same linear size for this high value of . For the Exp-6 uids of = 12 to 18, a comparison of the present data with those in Table I of 24 indicates that the critical temperatures reported here are systematically higher by an average of 0.7. Results of 24 were obtained with a system size of L=5, while the present results are for L=7. The di erence from Table 1 between the apparent T c for these two system sizes for the =12 LJ lattice models is 0.8. Similar trends are observed for the critical densities and pressures. We conclude that the present results are in good agreement with those of the previous study.
The results of Table 2 are expected to di er systematically from the corresponding in nite-system values because of nite-size e ects. Based on the observed dependence of the apparent critical parameters on system size from Table 1, the true in nite system critical temperature is expected to be approximately 1 higher and the critical pressure 4 higher relative to L=7. Finite-size e ects for the critical density are expected to be comparable to the statistical uncertainties of approximately 1.
As discussed in Section II,increasing the exponent results in a shift of the attractive part of the potential to lower separations. It is, therefore, reasonable to expect that the critical temperature and pressure of higher-models will be lower, while the critical density will be higher. These are indeed the trends observed in Table 2 for both LJ and Exp-6 models.
An interesting question is related to the possible equivalence of LJ and Exp-6 potentials.
Some recent models for hydrocarbons 25 and water 10 utilize the Exp-6 functional form to describe non-polar interactions. The large majority of realistic potential models have been based on the LJ functional form. Since it is not clear how one would obtain unlike-pair interactions for sites described by potentials of di erent functional form, it is desirable to develop a correspondence between them so that parameters can betransferred from LJ to Exp-6 based models and vice versa. The critical temperatures of the LJ and Exp-6 models are compared in Fig. 6 . The critical temperatures of Exp-6 models are higher than for LJ models of the same value of , consistent with the faster decay of the LJ functional form seen in Fig. 2 . This di erence diminishes for higher values of . Table 2 
Discussion
The main conclusion of the present study is that nely discretized lattice models are essentially equivalent to corresponding continuum models. This was demonstrated by studies of the liquid-vapor phase coexistence curve, the dependence of critical parameters on system size and the structure of the liquid measured by the radial distribution function. Monte Carlo calculations for lattice models are, however, signi cantly faster than their continuum counterparts. The relative speed advantage for non-polar interactions observed in the present study was a factor of 10-20, while an earlier study 9 for hard-sphere + coulombic interactions obtained a speedup of 100 for Ewald-sum based calculations. Thus, we propose that high-lattice models are suitable for fast simulations of equilibrium properties of atomistically detailed site-site models. For prediction of transport properties, one would then perform conventional molecular dynamics simulations for the equivalent continuum models.
The advantage of the combined approach is that optimization of intermolecular potential parameters to the equilibrium properties would be much faster. It may be also be possible in the future to develop molecular dynamics algorithms suitable for nely-discretized lattices.
All calculations in the present work were performed in the grand canonical ensemble.
Traditional =1 lattice models require special techniques to allow calculations in the constant-pressure 26 and the Gibbs ensemble 27 . The reason for this is the large relative change in volume resulting from deletion or addition of a complete layer for low-models, which in turns results in extremely low acceptance ratios of the corresponding attempted moves. However, for the nely discretized models proposed here, the relative change in volume associated with addition or deletion of a complete layer becomes smaller as is increased, so it is expected that calculations in Monte Carlo ensembles that require volume changes should be feasible.
The critical parameters of LJ and Exp-6 models with variable repulsion exponent were obtained in the present study for a single system size, to within statistical uncertainties of approximately 0.1 for the temperature and 1 for the density and pressure. The critical temperature and pressure decrease with increasing and the critical density increases.
Based on our results, LJ and Exp-6 models can be obtained with nearly identical critical parameters. It remains to be seen whether the LJ and Exp-6 model equivalence is also true for multi-site models that include other types of interactions, for example xed-point c harge models for water 10 Fig. 1 . Schematic illustration of the lattice discretization process for = 1 and 2. A two-dimensional system is shown for simplicity, even though all calculations were performed for three-dimensional systems. Periodic boundary conditions are implied, so that particles near the box edges appear split. 
